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1. Introduction
Nontransitive geometric structures can be viewed as more general and natural than the tran-
sitive ones. Indeed, they usually produce a foliation with leaves admitting transitive structures
of various types. Consequently, such structures provide more interesting models for possible
applications. In spite of their increasing role (e.g., Poisson or Jacobi structures, cf. [13, 16])
only little is known, or at least explicitly mentioned in the literature, about their automorphism
groups.
The aim of this note is to show that important nontransitive groups of diffeomorphisms admit
the Lie group structure similarly as their transitive counterparts. These are the leaf preserving
diffeomorphism group of a foliated manifold and the group of Poisson and Hamiltonian dif-
feomorphisms of a regular Poisson manifold. To this end we adopt the convenient approach to
diffeomorphism groups from the monograph by A. Kriegl and P. Michor [6]. Actually we only
check that subtle techniques of [6] can be adjusted to the foliated picture. Notice that methods
of D. McDuff and D. Salamon in [9] concerning the symplectomorphism group are weaker
than those of [6], and the compactness of manifolds is assumed. Recently, the Weinstein’s chart
for the Poisson case was constructed by A. Banyaga [1] by a leaf-by-leaf way but he could
not avoid very restrictive assumptions on Poisson structures. Our method is justified also by an
observation that the groupoid approach to diffeomorphism groups (i.e., regarding diffeomor-
phism groups as a special case of the groups of bisections of a Lie groupoid, cf. P. Xu [14]) is
not relevant in the nontransitive case.
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We consider also the “Poisson” flux homomorphism (initiated in [12]) which is strongly
related to the Weinstein’s chart. The flux enables us to give some characterizations of Hamil-
tonian diffeomorphisms and isotopies. Let us mention that other analogues of the flux have
been investigated in [3, 4], and applied to the study of the automorphism groups of a locally
conformal symplectic manifold.
Unfortunately, the approach presented here works only for structures producing regular
foliations. A still open problem is how to treat the foliations with singularities.
Throughout the reasonings are in the C∞ smooth category but they can be adopt to the
real analytic case if manifolds are compact as it was discussed in detail in [6]. Manifolds are
assumed to be second countable.
2. Preliminaries
It is well known that Diff∞(M) is a Lie group. Its (kinematic) tangent space at id is Xc(M),
and the Lie bracket is the negative of the usual Lie bracket of vector fields. The adjoint action
of g ∈ Diff∞c (M) on Xc(M) is given by (g−1)∗.
For any X ∈ C∞(R,Xc(M)) there is g : R → Diff∞(M) such that g˙ = δr g = X , where
g˙ : R → Xc(M) and
g˙(t)(x) := ∂
∂s
∣∣∣∣
t
(
gs(g−1t (x))
)
. (2.1)
g˙ is the time-dependent vector field defining uniquely g with g(0) = id. Thus there exists a
bijective evolution map
evolr : C∞(R,Xc(M)) → C∞
(
(R, 0), (Diff∞(M), id)
)
and so Diff∞(M) is regular, cf. [6]. The right logarithmic derivative δr is then the inverse of
evolr . Specifically the exponential mapping exists, namely
exp : Xc(M) → Diff∞(M) X 
→ FlX1 ,
is the flow of the vector field at time 1. It is well known that exp is not locally surjective around 0.
For f, g : R → Diff∞(M) the following Leibniz rule holds:
δr ( f g)(t) = δr f (t) + Ad( f (t)) · δr g(t) = δr f (t) + ( f (t)−1)∗(δr g(t)) (2.2)
Also the following formula that will be in use. For ω ∈ C∞(R, 	k(M)), and g ∈
C∞(R, Diff∞(M)) we have
∂
∂t
(g∗t ωt) = g∗t
(
Lg˙t ωt +
∂
∂t
ωt
)
, (2.3)
where L is the Lie derivative.
Let G be a subgroup of Diff∞(M). Then we denote by G0 the group of all elements in G
that can be joined with the identity by a smooth path in G. Next by G˜ we denote the group of
all smooth paths in G starting at the identity modulo smooth homotopies relative endpoints,
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with the pointwise multiplication. If G = G0 and evol1 = π : G˜ → G stands for the canonical
projection, then π1(G) = ker π ⊂ G˜ is the first homotopy group of G.
Now we recall the concepts of the foliated forms and foliated cohomology.
Let (	∗(M), d) (resp. 	∗c(M), d)) be the DeRham complex (resp. with compact support) of a
smooth manifold M . Given a foliation F on M we define the subcomplex 	∗(M,F) as follows:
ω ∈ 	r (M,F) if and only if ω ∈ 	r (M) and ω(X1, . . . , Xr ) = 0 for all X1, . . . , Xr tangent to
F. We set
	∗(F) = 	∗(M)/	∗(M,F),
and by ω¯ ∈ 	r (F) we will denote the class of ω ∈ 	r (M). Likewise,
	∗c(F) = 	∗c(M)/	∗c(M,F).
Observe that if a complementary bundle to TF in TM is fixed (e.g., a metric is chosen)
then 	r (F) (resp. 	rc(F)) is identified with (
∧r T ∗F) (resp. c(∧r T ∗F)), the space of global
smooth sections (resp. compactly supported) of ∧r T ∗F.
It is visible that the exterior product ∧ in 	∗(M)descends to 	∗(F). Next, it is easily checked
that ι(X)ω¯ = ι(X)ω and f ∗ω¯ = f ∗ω are correct definitions if X is tangent to F and f is leaf
preserving. Also for a smooth family ωt ∈ 	r (M), t ∈ I , we define∫ 1
0
ω¯t dt =
∫ 1
0
ωt dt .
Notice that if N is a topological submanifold of M transversal to F then for any ω¯ ∈ 	r (F) the
pullback ι∗ω¯ ∈ 	r (F|N ) is well defined, where ι is the canonical inclusion.
ω¯1 = ω¯2 impliesdω1 = dω2. Therefore d¯ is a well-defined differential on 	∗(F) (i.e., d¯2 = 0).
Thus we have a new differential complex (	∗(F), d¯), the complex of foliated forms. By H∗(F)
we denote the cohomology of 	∗(F), and by [ω¯] the cohomology class of ω¯. Clearly Hr (F) = 0
if r > dimF. Likewise H∗c (F) is the cohomology of the complex 	∗c(F).
For X tangent to F we may have also the Lie derivative LX ω¯ = ι(X) d¯ω¯ + d¯ι(X)ω¯.
3. The space of foliated mappings
From now on we write (E) for the space of all smooth global sections of a vector bundle
E → M . Next c(E) stands for the subspace of compactly supported sections.
LetF be a p-dimensional foliation on an n-dimensional manifold M . The tangent bundle TM
of M takes the form TM = TF⊕NF, where TF (resp. NF) is the tangent (resp. normal) bundle
ofF. Choose any linear connections∇1 in TF and∇2 in NF. Then we get the product connection
∇ in TM by ∇X s = ∇1X s1 +∇2X s2, where X, s = s1 + s2 ∈ (TM), s1 ∈ (TF), s2 ∈ (NF).
The leaves of F are then totally geodesic submanifolds of M .
Let M be the diagonal of M × M , and let W be any neighborhood of M in M × M
satisfying the following:
(∗)There existsA = (Vi , φi )i∈I , a distinguished atlas of (M,F)with (Vi )being a good cover
(i.e., Vi ∩ Vj is contractible if nonempty), such that W ⊂
⋃
i∈I Vi × Vi .
36 T. Rybicki
Now we set
W 0 = {(x, x ′) ∈ W : x, x ′ lie on the same plaque of A}, (3.1)
where a plaque ofAmeans a plaque in domain of some chart fromA. Observe that if x, x ′ belong
to two chart domains and lie on the same plaque of the one then they lie also on the same plaque
of the other, since the cover of the chart domains is good. It is easily seen that W 0 is a (2p + q)
dimensional manifold with a foliation F0W such that q = codimF = codimF0W . In fact, if
(V, (x1, . . . , x p, y1, . . . , yq)) ∈ A is a distinguished chart at x , (V ′, (x ′1, . . . , x ′p, y′1, . . . , y′q)) ∈
A is a distinguished chart at x ′ and x, x ′ ∈ V ∩ V ′ lie on the same plaque, then ((V × V ′) ∩
W 0, (x1, . . . , x p, x ′1, . . . , x ′p, y1, . . . , yq)) is a distinguished chart at (x, x ′) for (W 0,F0W ). A
neighborhood W of M satisfying (∗) always exists.
By a foliated local addition we mean a smooth mapping α : TF ⊃ U → M such that
(1) α(0x) = x , and
(2) the mapping (π, α) : TF ⊃ U → W 0 is a diffeomorphism, where U is some neighbor-
hood of the zero section and π : TF → M is the canonical projection.
The above defined connection ensures us that α = exp∇ is a foliated local addition. Specifi-
cally, if u ∈ U, x = π(u) then x and α(u) lie on the same plaque.
Following closely [6] we can show that the space C∞(M,F) of all smooth foliated (i.e., leaf
preserving) mappings possesses a manifold structure.
Theorem 3.1. The space C∞(M,F) is a smooth Hausdorff manifold modeled on the spaces
c( f ∗T ∗F), where f ∈ C∞(M,F) and f ∗T ∗F is the pullback by f of the cotangent bundle
T ∗F.
Proof. For reasons that will be clear in the Poisson case we will use a foliated local addition
defined on the cotangent space T ∗F rather than on TF. Namely, there is a mapping β : T ∗F ⊃
U → M such that
(π, β) : T ∗F ⊃ U → W 0
is a diffeomorphism, β(0x) = x , ∀x ∈ M , and π(u), β(u) lie on the same plaque for u ∈ U .
Indeed, one chooses any fiberwise metric (or symplectic form) on TF and defines β = α ◦ ι,
where ι : T ∗F → TF is the associated bundle isomorphism.
For f, g ∈ C∞(M,F) we write f ∼ g if f and g agree off a compact subset. Notice that
c( f ∗T ∗F) is canonically isomorphic to
c(T ∗F) f := {s ∈ C∞(M, T ∗F) : π ◦ s = f, s ∼ 0TF ◦ f }.
The space c( f ∗T ∗F) is endowed with the inductive limit topology of the spaces K ( f ∗T ∗F),
K compact, with the usual topology, cf. [6].
Next we define a chart φ f : U f → ( f ∗T ∗F) such that
U f := {g ∈ C∞(M,F) : ( f (x), g(x)) ∈ W 0 ∀x ∈ M, f ∼ g},
φ f (g)(x) := (x, ((π, β)−1 ◦ ( f, g)))(x). (3.2)
Then φ f maps bijectively U f onto c( f ∗U ) := {s ∈ c( f ∗T ∗F) : s(M) ⊂ f ∗U }, an open
subset of c( f ∗T ∗F) in the above topology.
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Let us recall some fact [6, 3.10]. Let E → N and F → N be two smooth vector bundles, let
U be an open subset in E and c(U ) = {s ∈ c(E) : s(N ) ⊂ U }. If φ : U → F is a smooth fiber
respecting (nonlinear) map then φ∗ : c(U ) → c(N ) is smooth, where φ∗(s)(x) = φ(s(x)).
Now for any f ∈ C∞(M,F) there is a fiber respecting mapping τ f : f ∗T ∗F → ( f ×
idM)−1(W 0) such that for all f, g ∈ C∞(M,F)
φ f ◦ φ−1g ◦ s = (τ f ◦ τ−1g )∗(s). (3.3)
By (3.3) the chart changing φ f ◦ φ−1g are defined on open sets and smooth. So {(U f , φ f )} is
an atlas for C∞(M,F). The identification topology of this atlas is finer than the compact-open
topology and, consequently, Hausdorff. The equality (3.3) implies that the smooth structure
induced by this atlas is independent of the choice of connection defining a foliated local addition.

By G(M,F) we denote the group of all leaf preserving diffeomorphisms. The proof of the
following is a repetition of [6, 43.1].
Theorem 3.2. G(M,F) is an open submanifold of C∞(M,F). It is a regular Lie group with
the Lie algebra Lc(M,F) consisting of all compactly supported vector fields tangent to F.
In terms of the problem of integrability of Lie algebras one can say that Lc(M,F) integrates
to G(M,F).
4. Automorphisms of a Poisson structure
A Poisson structure on a manifold M can be introduced by a skew-symmetric contravariant
2-tensor  on M such that [, ] = 0, where [· , ·] is the Schouten-Nijenhuis bracket (cf.
[7,13]). In general, the rank of x varies but it is even everywhere. The ring of the real smooth
functions on M , C∞(M), admits a Lie algebra structure by means of the bracket
{u, v} = (du, dv) for any u, v ∈ C∞(M), (4.1)
and every adjoint homomorphism of this bracket is a derivation of C∞(M) (the Leibniz rule):
{u, vw} = v{u, w} + w{u, v}. (4.2)
Equivalently, any 2-linear bracket on C∞(M) verifying (4.2) and the Jacobi rule
{u, {v, w}} = {{u, v}, w} + {v, {u, w}},
defines uniquely a Poisson structure  by (4.1).
We have the ‘musical’ bundle homomorphism associated with 
 : 	1(M) → X(M), σ (ρ) = (ρ, σ ),
where ρ = (ρ), for any ρ, σ ∈ 	1(M). In the case where  is nondegenerate (i.e., rank() =
dim(M)),  is an isomorphism and we get a symplectic structure. In general, the distribution
(T ∗x M), x ∈ M , integrates to a generalized foliation F() such that  restricted to any leaf
induces a symplectic structure. The symplectic form living on L ∈ F()will be denoted by ωL .
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If the dimension of leaves of F() is constant, the Poisson structure  is called regular. Let
dim(M) = n, dimF() = 2k, q = n − 2k. By extending the Darboux theorem one has the
existence of canonical charts (xi , y j ), i = 1, . . . , 2k, j = 1, . . . , q, such that {xi , xi+k} = 1,
{xi , x j } = 0 if |i − j | = k, {xi , y j } = 0, and {yi , y j } = 0. Observe that the canonical charts exist
as well for arbitrary Poisson manifold but they need not fulfil all the above equalities (cf. [12]).
A smooth mapping f of (M, ) into itself is called a Poisson morphism if
{u ◦ f, v ◦ f } = {u, v} ◦ f for any u, v ∈ C∞(M). (4.3)
It is easily seen that if (M, ) is a symplectic manifold then f satisfying (4.3) is necessarily a
local diffeomorphism.
Let G(M, ) be the group of all Poisson diffeomorphisms of (M, ) which are tangent to
the leaves of F().
Recall that a vector field X is an infinitesimal automorphism of (M, ) if [, X ] = 0,
that is if LX = 0, where L is the Lie derivative. By L(M, ) we denote the Lie algebra
of all infinitesimal automorphisms with compact support which are tangent to F(). Next, let
L∗(M, ) be the ideal of L(M, ) of all Hamiltonian vector fields, i.e., X ∈ L∗(M, ) if and
only if there exists compactly supported u ∈ C∞(M) such that
X = [, u] or, equivalently, X = (du).
We have the inclusion [L(M, ), L(M, )] ⊂ L∗(M, ) as a consequence of the equality
[X1, X2] = [, u], where u is defined by u(x) = ι(X1(x)∧ X2(x))ωLx .
Proposition 4.1. Let (M, ) be an arbitrary Poisson manifold. Suppose that ft is a smooth
curve and Xt = δr ( ft). Then ft ∈ G(M, )0 for each t if and only if Xt ∈ L(M, ) for each t.
In other words, for any smooth path X : R → L(M, ) its evolution curve is in G(M, ).
Proof. By restricting ft to a leaf L and using (2.3) we have
d
dt
f ∗t ωL = f ∗t (LXt ωL ) = f ∗t
(
ι(Xt) dωL + d(ι(Xt) ωL )
) = f ∗t d(ι(Xt) ωL ).
It follows that the claim is true on any leaf, and consequently so is on M . 
A smooth path satisfying Proposition 4.1 is called a Poisson isotopy. A Poisson isotopy
ft is Hamiltonian if the corresponding Xt ∈ L∗(M, ) for each t . A diffeomorphism f of
(M, ) is called Hamiltonian if there exists a Hamiltonian isotopy ft such that f0 = id and
f1 = f . The totality of all Hamiltonian diffeomorphisms is denoted by G∗(M, ). Clearly
G∗(M, )0 = G∗(M, ).
Proposition 4.2. G∗(M, ) is a normal subgroup of G(M, ).
Proof. First we show that G∗(M, ) obeys the group axioms. Let ft , gt be Hamiltonian
isotopies, that is δr ft = (dut), δrgt = (dvt) for some smooth families of C∞-functions ut and
vt . Then ft ◦ gt is still a Hamiltonian isotopy. Indeed by (2.2)
δr ( ft ◦ gt) = (d(ut + vt ◦ f −1t )).
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We have that f −1t is Hamiltonian as well since
δr ( f −1t ) = (d(−ut ◦ ft)).
Therefore G∗(M, ) is a group. Next, if ft is a Hamiltonian isotopy as above and g is a Poisson
diffeomorphism then
δr (g−1 ◦ ft ◦ g) = (d(ut ◦ g)).
This means that G∗(M, ) is a normal subgroup of G(M, ). 
When the group G(M, ) is compared with the symplectomorphism group some questions
arise. It is well known that only few diffeomorphisms are elements of some flow. However, if
we denote by Gˆ(M, ) (resp. Gˆ∗(M, )) the group generated by all exp(X), X ∈ L(M, )
(resp. L∗(M, )) then Gˆ(M, ) = G(M, )0 (resp. Gˆ∗(M, ) = G∗(M, )) whenever  is
a symplectic structure (cf. [3] and references therein). Our questions are whether the above
equalities hold true for all (some) Poisson manifolds.
We need the following characterization of regular Poisson structures. Recall that a foliated
form σ¯ ∈ 	2(F) with dimF = 2k is called symplectic [5] if ∧k σ¯ = 0 and d¯σ¯ = 0.
Proposition 4.3. [5] Given a smooth manifold M there is a bijective correspondence between
regular Poisson structures  on M with dimF() = 2k and the pairs (F, σ¯ ), where F is a
foliation of dimension 2k and σ¯ ∈ 	2(F) is a foliated symplectic form.
Proof. For any v ∈ C∞(M) there is a unique Xv tangent to F such that ι(Xv) σ¯ = −dv.
Then we define (d v, d w) = σ¯ (Xv, Xw), ∀v, w ∈ C∞(M). Clearly F() = F. Conversely, at
any point of M there exists a canonical chart (x1, . . . , x2k, y1, . . . , yq) for  such that F() is
defined by dyi = 0, i = 1, . . . , q. Then ωL =
∑k
i=1 dxi ∧ dxi+k in this chart. By choosing a
complementary subbundle to TF in TM we can define a smooth 2-form σ on M by extending
the ωL , L ∈ F(). The foliated form σ¯ satisfies then the claim. 
The above σ¯ induced by  will be denoted by σ¯ .
Unfortunately, the above argument cannot be generalized to arbitrary Poisson structures.
Namely, let M = R2 and  = α∂1 ∧ ∂2, where ∂i = ∂/∂xi and α ∈ C∞(M). Then F() is
generated by Xx1 = α∂2 and Xx2 = −α∂1. The zeros of α are the singular leaves of F() while
the connected components of R2 − α−1(0) are the regular leaves. The corresponding foliated
symplectic form σ¯  = (1/α)dx1 ∧ dx2 cannot be extended off regular leaves.
A regular Poisson structure is said to be exact [5] if σ¯  = d¯λ¯ for some λ¯ ∈ 	1(F()).
Recall also the following concept. A submanifold C of M is called Lagrangian if for any
x ∈ C we have (Ann(TxC) = TxC ∩ Tx(F()), where Ann(TxC) = {α ∈ T ∗x C : α(X) =
0, ∀X ∈ TxC}.
Example. LetF be a foliation of dimension p on an n-dimensional manifold M . The cotangent
bundle of F, T ∗F = ⋃x∈M T ∗x Lx (Lx is the leaf passing through x), admits a canonical regular
Poisson structure which is exact.
In fact, first we consider τ ∗F, the foliation of dim 2p on T ∗F induced by the canonical
projection τ : T ∗F → M . Next we have σ¯F = −d¯λ¯F, where λ¯F ∈ 	1(τ ∗F), σ¯F ∈ 	2(τ ∗F) are
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canonical foliated forms. More precisely, for v ∈ Tu(τ ∗F) with u ∈ T ∗F one has
λ¯F(v) = u(πL∗v),
where L = Lx , u ∈ T ∗x L , and πL : T ∗L → L is the canonical projection. For more details,
see [8]. By F we denote the bivector related to σ¯F by Proposition 4.3. Observe that the
0-section 0T ∗F() in T ∗F is a Lagrangian submanifold.
Proposition 4.4. The canonical 1-form λ¯F have the following universal property: Given ω¯ ∈
	1(F) regarded as a section ω¯ : M → T ∗F we get ω¯∗λ¯F = ω¯. Consequently, ω¯∗σ¯F = −d¯ω¯.
Moreover, λ¯F is characterized by this property.
Proof. For any L ∈ F the restriction ω¯|L : L → T ∗L is an ordinary 1-form on L , and λ¯F|T ∗L
is the canonical 1-form on T ∗L . Since (ω¯|L)∗x ⊂ Tω¯(x)(T ∗L) one has λ¯F(ω¯(x)) ◦ (ω¯|L)∗x . By
the uniqueness of such a form for any L it follows the uniqueness of λ¯F. 
Proposition 4.5. Let ω¯ ∈ 	1(F) be viewed as a section ω¯ : M → T ∗F. Then ω¯(M) is a
Lagrangian submanifold of (T ∗F, F) if and only if d¯ω¯ = 0.
Proof. It is visible that C is a Lagrangian submanifold of T ∗F if and only if C |T ∗L is a La-
grangian submanifold of (T ∗L , σ¯F|T ∗L) for all L ∈ F. But σ¯F|T ∗L is the canonical symplectic
form. Hence d¯ω¯|L = d(ω¯|L) = 0 if and only if ω¯(L) is Lagrangian, and the assertion follows.

5. G(M,Λ) is a Lie group
Throughout we assume that (M, ) is a regular Poisson manifold such that dim M = n,
dim(F()) = 2k, q = n − 2k. Notice that for any Lagrangian submanifold C in M one has
dim(C) = k + q.
The main ideas of this section go back to [15]. We begin with a foliated version of [6, 43.11].
Lemma 5.1. Let (M,F)be a foliated manifold and let σ¯0, σ¯1 ∈ 	2(τ ∗F)be symplectic forms on
the foliated manifold (T ∗F, τ ∗F) (cf. Sect. 2) which are equal along the zero section 0T ∗F. Then
there is a leaf preserving diffeomorphism φ : U → V , where U, V are open neighborhoods of
0T ∗F, such that φ∗σ¯1 = σ¯0, φ|0T ∗F = id and φ∗|(T (T ∗F)|0T ∗F) = id.
Proof. Let σ¯t = σ¯0 + t(σ¯1 − σ¯0), t ∈ I . In view of the assumption there is a neighborhood
U1 of 0T ∗F such that σ¯t |U1 is symplectic for any t . By a foliated version of Relative Poincare´
Lemma ([6, 43.10], with the same proof) we can find a smaller neighborhood U2 of 0T ∗F and
θ¯ ∈ 	1(τ ∗F|U2) with d¯θ¯ = σ¯1|U2 − σ¯0|U2, θ¯ = 0 on 0T ∗F, and d¯θ¯ = 0 on 0T ∗F.
Let t : 	1(M) → X(M) be the homomorphism associated with σ¯t . Set Xt = t(θ¯). This is
well defined, since N ∗F = Ann TF = ker  (cf. [13, p.37]) and ω¯1 = ω¯2 yields (ω1) = (ω2).
Then Xt is tangent to τ ∗F and vanishing with all its derivatives along 0T ∗F. If ft , t ∈ I
is a smooth path of local diffeomorphisms satisfying (2.1) with f˙t = Xt then ft |0T ∗F = id
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and ft∗|T (T ∗F)|0T ∗F = id. We may choose a smaller neighborhood U of 0T ∗F such that ft is
defined on U and due to (2.3) we get
∂
∂t
( f ∗t σ¯t) = f ∗t
(
LXt σ¯t +
∂
∂t
σ¯t
)
= f ∗t (−d¯θ¯ + σ¯0 − σ¯1) = 0. 
Suppose W is an open neighborhood of M satisfying (∗) (Section 3). Then one defines a
new regular Poisson manifold (W 0, 0), where W 0 is given by (3.1), with F(0) = F()0W
such that if (x, x ′) ∈ W 0 and (x1, . . . , x2k, y1, . . . , yq) is a canonical chart for  at x ,
and (x ′1, . . . , x ′2k, y′1, . . . , y′q) is a canonical chart for  at x ′, then (x1, . . . , x2k, x ′1, . . . , x ′2k,
y1, . . . , yq) is a canonical chart for 0 at (x, x ′). That is, if the form σ¯ 0 ∈ 	2(F(0)|W 0)
corresponds to 0 then in the above chart as
σ¯ 0 =
k∑
1=1
− dxi ∧ dxi+k + dx ′i ∧ dx ′i+k .
Clearly dim(W 0) = 4k + q and dim(F(0)) = 4k.
Lemma 5.2. Let f ∈ G(M,F()) be such that graph( f ) ⊂ W with W being as above. Then
f ∈ G(M, ) if and only if graph( f ) is a Lagrangian submanifold of (W 0, 0W ).
Proof. It follows from the observation that C , a submanifold transversal to F(), is a La-
grangian submanifold of (M, ) iff C ∩ L is a Lagrangian submanifold of the symplectic
manifold (L , ωL ) for all L ∈ F(). 
Theorem 5.3. The group G(M, ) is a closed subgroup of G(M,F()) and a regular Lie
group. The Lie algebra L(M, ) integrates to G(M, ).
Proof. We fix a foliated local addition β : T ∗F() ⊃ U → M such that (π, β) : T ∗F() ⊃
U → U ′ ⊂ W 0 is a diffeomorphism, as in the proof of Theorem 3.1. Now we have two Poisson
structures on U ⊂ T ∗F(), namely σ¯0 = (π, β)∗σ¯ 0 and the canonical one σ¯1 = σ¯F()|U .
We are going to apply Lemma 5.1 and we have to show that, shrinking U and modifying σ¯i if
necessary, we may get σ¯0|0T ∗F() = σ¯1|0T ∗F(). It is clear that the pullbacks of σ¯i to 0T ∗F() are 0.
Since C , a submanifold transversal to τ ∗F(), is a Lagrangian submanifold of (U, σ¯i ) if and
only if for all L ∈ τ ∗F() the intersection C ∩ L is a Lagrangian submanifold of (L , σ¯i |L), we
can proceed as in [6, p.463] and assume that σ¯0|T (T ∗F())|0T ∗F() = σ¯1|T (T ∗F())|0T ∗F()
as well.
Let U be a neighborhood of id in G(M,F()) consisting of all compactly supported diffeo-
morphisms f such that graph( f ) ⊂ W 0, and (π, β)−1 graph( f ) is the image of a π -section. We
define a chart at the identity  : G(M, ) ⊃ U → c(T ∗F()) = 	1c(F()) as follows
( f ) := (π, β)−1 ◦ (id , f ) ◦ (π ◦ (π, β)−1 ◦ (id , f ))−1. (5.1)
In light of Proposition 4.4 and Lemma 5.2 f ∈ U∩G(M, ) if and only if d¯( f )= 0. Therefore
(U, ) is a submanifold chart at id for G(M, ) modeled on the subspace Z	1c(F()) of all
d¯-closed forms.
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Next for g ∈ G(M, ) we get a submanifold chart at g as follows: Ug := { f : f ◦ g−1 ∈ U}
and g( f ) =: ( f ◦ g−1). Thus G(M, ) is a closed submanifold of G(M,F()) and a Lie
group.
It is a consequence of Proposition 4.1 that the Lie algebra of G(M, ) coincides with
L(M, ), that is, that the restriction of evolrG(M,F()) to L(M, ) identifies with evolrG(M,). Fi-
nally, it follows from [6 property 38.7] that G(M, ) is regular when we use p : G(M,F()) →
	2(F()) with p(σ¯ ) = f ∗σ¯ − σ¯ . 
Since the neighborhood (U) above can be chosen convex we can state the following
Corollary 5.4. The group G(M, ) is locally contractible and, consequently, locally arcwise
connected.
Remark. Theorems 3.2 and 5.3 cannot be viewed in a more general context of groupoids.
Namely in the “non-foliated” case one can consider the group of global bisections of a Lie
groupoid rather than diffeomorphism groups (see, e.g., [14]), but this method fails in the non-
transitive case. The reason is the “holonomic imperative” (e.g., [11]) which states that any
groupoid structure over the equivalence relation RF of a foliation F must contain the informa-
tion of the holonomy of F.
6. The flux homomorphism
The concept of the flux homomorphism is due to E. Calabi [2]. In analogy to the symplectic
case Theorem 5.3 enables us to define the local flux homomorphism.
Let  : G(M, ) ⊃ U → (U)) ⊂ Z	1c(F()) be the chart at id given by (5.1). If ft is a
Poisson isotopy such that ft ∈ U for any t then
S˜({ ft}) := −[ω¯1] ∈ H 1c (F()),
where ω¯t = ( ft). We will show later on that this definition is independent of .
Now we extend S˜ to the whole G(M, )0 as for symplectic structures. In view of Corollary 5.4
(G(M, )0)∼ , the universal covering of G(M, )0, is the collection of pairs ( f, { ft}) where
f = f1 ∈ G(M, )0 and { ft} is the homotopy rel. endpoints class of the isotopy ft , t ∈ I .
The multiplication in (G(M, ))∼0 can be thought of either by the pointwise multiplication over
I of representants or, equivalently, by the juxtaposition of representants. The latter means that
{gt}.{ ft} = {gt ∗ ft} where
gt ∗ ft =
{ f2t , for 0  t  12
g2t−1 ◦ f1, for 12  t  1.
Given a Poisson isotopy ft of (M, ) we let
S˜({ ft}) =
[∫ 1
0
ι(Xt) σ¯dt
]
∈ H 1c (F())
where Xt = δr ( ft).
On foliated, Poisson and Hamiltonian diffeomorphisms 43
Theorem 6.1. S˜ : (G(M, ))∼0 → H 1c (F()) is a well defined continuous epimorphism.
The proof is the same as in the symplectic case ([12]). In particular we have
Corollary 6.2. If φt is a flow of X ∈ L(M, ) then S˜({φt}) = [ι(X) σ¯].
Now we establish the compatibility of the local definition of S˜ and that from Theorem 6.1.
We start with the following
Proposition 6.3. If σ¯ = −d¯λ¯ (i.e. σ¯ is exact) and ft is a Poisson isotopy then S˜({ ft}) =
[λ¯ − f ∗1 λ¯].
Proof. Let Xt = δr ( ft). Then the assertion follows by inegrating the below equalities over
[0, 1]:
[ι(Xt) σ¯ ] = [ f ∗t ι(Xt) σ¯ ] = −[ f ∗t ι(Xt) d¯λ¯] = −[ f ∗t L Xt λ¯] = −
d
dt
[ f ∗t λ¯]. 
Now we show that S˜ : (G(M, )0)∼ → H 1c (F()) from Theorem 6.1 actually extends the
flux defined locally.
Let ( f, { ft}) ∈ (G(M, )0)∼ . Then gt = (π, β)−1 ◦ (id × ft) ◦ (π, β) is a Poisson isotopy
in (U)) ⊂ T ∗F(). By an obvious argument S˜({ ft}) = ι∗S˜({gt}), where ι : M → 0T ∗F() ⊂
T ∗F() is the canonical inclusion.
We factorize gt ◦ ι = ωt ◦ ht , where ht is a curve of diffeomorphisms on M and ω¯t = ( ft)
is a smooth family in (T ∗F()). Thanks to σ¯F() = −d¯λ¯F() Corollary 6.3 gives
S˜({gt}) = [λ¯F() − g∗1 λ¯F()].
In view of the equality ω¯∗1λ¯F() = ω¯1 (Proposition 4.4) we then have
ι∗( S˜({gt})) = −[ι∗g∗1 λ¯F()] = −[h∗1ω∗1λ¯F()] = −[ω1],
as required.
7. Hamiltonian isotopies and diffeomorphisms
Proposition 7.1. ft is a Hamiltonian isotopy if and only if S˜({ fτ }0τt) = 0, ∀t .
In fact, (⇒) follows by the definition of S˜. To show (⇐) notice that ft is Hamiltonian for t
small due to the local definition of S˜. Next we extend t by replacing successively ft by ft f −1t0
with t − t0 small enough.
The following is analogous to the symplectic picture, and the proof is essentially borrowed
from [9].
Proposition 7.2. (i) Let f ∈ G(M, )0. Then f is a Hamiltonian diffeomorphism if and only
if there is a Poisson isotopy ft with f0 = id and f1 = f such that S˜({ ft}) = 0.
(ii) Let ft be a Poisson isotopy. If S˜({ ft}) = 0 then ft is homotopic with fixed endpoints to a
Hamiltonian isotopy.
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Proof. (i) If f is Hamiltonian then there is a Hamiltonian isotopy joining f with id. Then
ι(Xt) σ¯ = dvt for vt ∈ C∞(M), where Xt = δr ( ft). Hence S˜({ ft}) = 0 as [dvt ] = 0.
To show the converse let ft = evolr (Xt)be such that S˜({ ft}) = 0, that is
∫ 1
0 ι(Xt) σ¯
dt = dv,
v ∈ C∞(M). Observe that v can be chosen compactly supported as all supp Xt are in a fixed
compact subset. Let φt be the flow of Xv = (dv). It suffices to consider φ−11 ◦ f instead
of f . This means that after possible reparametrization we may assume that ∫ 10 Xt dt = 0
as ι(
∫ 1
0 Xt dt) σ¯
 = 0.
To make a further modification we set Yt = −
∫ t
0 Xτ dτ . Let s 
→ ψ st be the flow of Yt .
By setting gt = ψ1t ◦ ft we have f1 = g1 and S˜({gτ }0τt) = 0 for any t . In fact,
S˜({ψ1τ }0τt) = S˜({ψ st }0s1) = [ι(Yt)σ¯]
due to the homotopy rel. endpoints invariance. Therefore
S˜({gτ }0τt)= S˜({ψ1τ )0τt) + S˜({ fτ }0τt)
= [ι(Yt)σ¯] +
[∫ t
0
ι(Xτ )σ¯  dτ
]
= 0.
This proves (i) by Proposition 7.1. Finally, the proof of (ii) follows by that of (i). 
Let  = S˜(π1(G(M, ))), where π1 is the first homotopy group. In the symplectic case  is
called the group of periods. Observe that  is countable since π1(G(M, )) is countable. Indeed,
since M is paracompact the compactly supported infinite dimensional Lie group G(M, ) is
metrizable and satisfies the second axiom of countability. It follows that G(M, ) possesses
the homotopy type of a countable simplicial complex [10].
Notice that the form ω¯1 = ( f1) need not be exact even if ft is a Hamiltonian isotopy and
f1 ∈ U. Nevertheless one has the following
Proposition 7.3. f ∈ G∗(M, )∩ U if and only if [( f )] ∈ .
Proof. (⇒) We define the Poisson isotopy gt by (gt) = tω¯, where ω¯ = ( f ). On the
other hand there is a Hamiltonian isotopy ft joining f = f1 with id = f0. Then for the loop
ht = f1−t ∗ gt , one gets [ω¯] = −S˜({gt}) = S˜({ ft})− S˜({gt}) = −S˜({ht}) ∈ .
To show (⇐) we make use of Proposition 7.2. There is a Poisson loop ft such that S˜({ ft}) =
−[( f )]. Then S˜({ht}) = 0, where ht = gt ∗ ft and (gt) = [(1 − t)( f )]. Hence ht is
homotopic to a Hamiltonian isotopy joining id with f . Thus f ∈ G∗(M, ). 
Let us introduce the following concept. A Poisson isotopy ft is tangentially Hamiltonian if
for each L ∈ F() the restriction ft |L is Hamiltonian with respect to (L , ωL ).
Proposition 7.4. Every smooth curve ft in G∗(M, ) is a tangentially Hamiltonian isotopy.
Furthermore, if  ⊂ H 1c (F()) is discrete then ft is Hamiltonian.
Proof. Let us choose L ∈ F() and let L ⊂ H 1(L) be the group of periods of (L , ωL ).
Designate ω¯Lt = L( ft |L), where L : UL → T ∗L is the diffeomorphism from Theorem 6.1
for (L , ωL ) instead of (M, ).
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For t   one has ft |L ∈ UL . Hence [ω¯Lt ] ∈ L for small t , by Proposition 7.3. This means
that [ω¯Lt ] = 0 as ω¯L0 = 0 and L is countable. Therefore we have S˜L({ fτ }0τt) = 0 for t  ,
where S˜L is the flux for (L , ωL ). Due to Proposition 7.1 the corresponding X Lt ∈ L∗(L , ωL )
for t  . By taking ft ◦ f −1 instead of ft we continue the procedure and extend the argument
for all t .
The proof of the second assertion follows the lines of the first but the reasoning goes globally
on M and exploits the discreteness of . 
We don’t know whether the discreteness assumption is necessary. Notice that it is not known
whether  is discrete even in the symplectic case.
Since G(M, )0 = (G(M, ))∼0/π1(G(M, )0) the S˜ descends to a homomorphism S :
G(M, )0 → H 1(F())/.
Corollary 7.5. Ker(S) coincides with G∗(M, ).
In fact, it is an immediate consequence of the local definition and Proposition 7.3 if f is near
the identity. This argument can be extended to G∗(M, ) by considering successively ft ◦ f −1t0
instead of ft .
We use the above facts to prove
Theorem 7.6. If  ⊂ H 1c (F()) is discrete (or 0 is an isolated point in ) then G∗(M, ) is
a regular Lie group. The Lie algebra L∗(M, ) integrates to G∗(M, ).
Proof. Assume the notation of the proof of Theorem 5.3. If f ∈ G∗(M, ) ∩ U then ω¯ =
( f ) ∈ 	1c(F()) and [ω¯] ∈  (Proposition 7.3). By the assumption, shrinking U if necessary,
we have f ∈ G∗(M, )∩U if and only if ω¯ = ( f ) is d¯-exact. Proceeding as in the proof of 5.3
we see that G∗(M, ) is a submanifold of G(M, ), and since the composition and inversion
is smooth by restriction, it is a Lie group. Taking p = S in [6, 38.7] ensures us that G∗(M, )
is regular.
Finally, the second assertion follows by Proposition 7.4.
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